Abstract. We consider the construction of the stochastic moment matrices that appear in the typical elliptic diffusion problem considered in the setting of stochastic Galerkin finite element method (sGFEM). Algorithms for the efficient construction of the stochastic moment matrices are presented for certain combinations of affine/non-affine diffusion coefficients and multivariate polynomial spaces. We report the performance of various standard polynomial spaces for three different non-affine diffusion coefficients in a one-dimensional spatial setting and compare observed Legendre coefficient convergence rates to theoretical results.
Introduction
Continuing progress of efficient deterministic numerical solvers for parametric partial differential equation models requires advances in several areas, including, the parametrization of the uncertain and spatially inhomogeneous input, the mathematical analysis of parametric differential equations, and the actual development of the numerical solvers. Advanced engineering applications are emerging as well. For instance, in [20] it is noted that more realistic and flexible models for stochastic input (SI) are needed. This work extends computationally efficient modeling options in the context of stochastic Galerkin finite element method (sGFEM) with a tensor basis, focusing on the specific problem of construction of the associated moment matrices. The structure of the induced graph of these matrices, and thus computational complexity both in storage and time, depends on the chosen model of stochastic input. This problem has been studied in the special case of affine stochastic input [9, 10, 11] . In this paper, the construction algorithms are extended to cover a much larger class of SI, the non-affine models. These ideas were motivated by the conductivity reconstruction problems where the non-affine stochastic input arises naturally via projection of the probability density function of the truncated multinormal distribution onto multivariate Legendre polynomial basis [17] . Under very general assumptions, the computational complexity of the generalized algorithms is asymptotically optimal. The numerical results further confirm the correctness of the resulting systems.
Let us introduce the model problem and state the main result more precisely. We consider the following model elliptic diffusion problem: Let (Ω, Σ, P ) be a probability space. Find random field u ∈ L 2 P (Ω, H 1 0 (D)) such that −∇ · (a(ω, x)∇u(ω, x)) = f (x) in D, u(ω, x) = 0 on ∂D (1.1) holds P -almost surely for a load f ∈ L 2 (D) and a given strictly positive diffusion coefficient a ∈ L ∞ (Ω × D) with lower and upper bounds a min , a max such that P ω ∈ Ω : 0 < a min ≤ ess inf )) is a Bochner space; see, e.g., [18] and the references therein for more information. The stochastic input, i.e., the diffusion coefficient, in the model problem is usually assumed to be given in the following affine form: where {a m } m≥0 are some suitable spatial functions and {Y m } m≥1 is a family of random variables. This affine form is often obtained by using the Karhunen-Loève expansion; see, e.g., [2] .
As noted above, in practical applications we might encounter non-affine diffusion coefficients, and for example, in [13] it is stated that many practically relevant parametric PDEs are nonlinear and depend on the parameters {Y m } m≥1 in a nonaffine manner. Formally, we define the relevant concepts as follows: considered in [13] fits the non-affine form (1.4) . In this paper, we refer with nonaffine to the form (1.4) and we do not consider other non-affine type diffusion coefficients, e.g., log-normal, unless explicitly stated. Notice that the non-affine case includes the affine case; by selecting Ξ = {µ ∈ (N ∞ 0 ) c | µ = e n for some n ∈ N}, where e n denotes the nth Euclidean basis vector of R ∞ , the non-affine case reduces to the affine case. Here, as in the following, we have used the convention 0 0 = 1. A standard approach is to transform the model problem (1.1) into a parametric deterministic form by first assuming the family {Y m } m≥1 : Ω → R to be mutually independent with ranges Γ m and associating each Y m with a complete probability space (Ω m , Σ m , P m ), where the probability measure P m admits a probability density function ρ m : Γ m → [0, ∞) such that dP m (ω) = ρ m (y m )dy m , y m ∈ Γ m , and the σ-algebra Σ m is assumed to be a subset of the Borel sets of Γ m . Finally, it is assumed that the stochastic input data is finite, i.e., in the affine case we assume that there existsM < ∞ such that Y m ≡ 0, when m >M , which essentially truncates the series in (1.3) afterM terms, and in the non-affine case (1.4) we assume that the set Ξ has a finite number of elements andM as in the affine case exists.
After these transformations, the parametric deterministic weak formulation of (1.1) is to find u ∈ L By discretization, the weak formulation (1.5) reduces to the following linear system of equations in the affine case (1.3):
where {A m }M m=0 are standard finite element (FEM) matrices, f 0 is a standard load vector, {G m } m≥0 are stochastic moment matrices, and g 0 is a stochastic load vector; see [11] for details.
For the stochastic load vector and moment matrices, we recall that each multiindex η ∈ (N ∞ 0 ) c determines a multivariate polynomial Φ η (y). Definition 1.5 (Multivariate polynomial). Let η ∈ (N ∞ 0 ) c . The multivariate polynomial Φ η (y), also called "chaos polynomial", is defined as
where {φ m } m≥0 is a suitably orthonormalized (univariate) polynomial sequence with φ 0 ≡ 1.
In this paper, we assume that {φ m } m≥0 is either the Legendre or the (probabilists') Hermite polynomial family depending on the family {Y m } m≥1 as those are typical choices in the sGFEM setting; see Appendix A for the definition of the Legendre and Hermite polynomials. We call the different cases as the Legendre case and the Hermite case, respectively. Remark 1.6. We consider the Hermite case mainly for completeness as the condition (1.2) combined with the non-affine form (1.4) has to be relaxed for the use of normally distributed random variables {Y m } m≥1 ; we refer to [4, 8, 12, 16] for possible relaxations of condition (1.2). We content ourselves by providing the formulas for the stochastic moment matrices in the Hermite case, and in the numerical experiments of Section 5, we consider only the Legendre case.
In the affine case, the stochastic load vector is given by (1.8) and the elements of the stochastic moment matrices are (1.9)
where α, β ∈ Λ ⊂ (N ∞ 0 ) c . The index set Λ is finite and consists of suitably chosen finitely supported multi-indices; see [18] and the references therein for more information. In an ideal case, the index set Λ is chosen so that
, gives a good approximation to the solution of (1.5); in practice, the index set is often chosen more or less arbitrarily. It is known that the stochastic moment matrices {G m } m≥1 exhibit a nontrivial sparsity pattern [11] . (G 0 is a diagonal matrix.) Efficient construction of the stochastic moment matrices (1.9) is crucial in the sGFEM setting as it easily becomes one of the bottlenecks for the method when the number of multi-indices in Λ increases. One solution is to build the index set Λ so that an efficient construction of the moment matrices is possible; Bieri et al. have given such an algorithm in [9] for certain index set types.
In the non-affine case (1.4), the resulting linear system is (cf. (1.6))
where A 0 and {A µ } µ∈Ξ are standard FEM matrices and the stochastic moment matrices {G µ } µ∈Ξ are given by
with α and β as above. With this notation, the matrix G m , where m ∈ N, is given by G em and G 0 is given with µ = (0, 0, . . .). As above, these moment matrices employ a nontrivial sparsity pattern.
The efficient construction of the matrices {G µ } µ∈Ξ is inspired by [9, Algorithm 4.13] for {G m } m≥0 . We present a non-recursive version of the original and generalize it for {G µ } µ∈Ξ . This leads to a novel setup for updating the necessary auxiliary information in contrast to [9] (and its research report version [10] ). This allows us to form the stochastic moment matrices for the model problem (1.1) efficiently when the stochastic input is given in a non-affine form (1.4).
The computational complexity depends on the set of multi-indices Λ and the chosen model of the stochastic input. However, the latter part has finite complexity in the sense that it has to be fully resolved and thus it is not asymptotic. Therefore, the computational complexity is ultimately determined by the set of multi-indices only. However, the situation is similar to all sparse versus full considerations. For a sufficiently small set of multi-indices it is possible that the stochastic input determines the observed complexity. Asymptotically, we get the complexity estimate O(|Λ| 1+ ), where 0 < ≤ 1, and in many practical cases 1. The rest of the paper is organized as follows. In Section 2, we give definitions for the multi-index sets Λ considered in this paper and fix some terminology and conventions related to multi-indices. Section 3 gives steps for constructing the stochastic moment matrices {G µ } µ∈Ξ efficiently. Algorithms for the construction of the multi-indices and neighbour matrices required for {G µ } µ∈Ξ are presented in Section 4, and our numerical experiments are presented in Section 5. In the numerical experiments, we compare the performance of different multi-index sets and compare observed Legendre coefficient convergence rates to theoretical results. Finally, we conclude with discussion in Section 6. In Appendix A, we recall some essential properties of the Legendre and Hermite polynomials which were employed in Section 3, and Appendices B-F contain the actual pseudocodes for the algorithms presented in Section 4.
Preliminaries
To improve the readability of this paper, we start by introducing the six multiindex sets considered in this paper:
1. isotropic tensor product (isoTP) index set, 2. isotropic total degree (isoTD) index set, 3. anisotropic tensor product (aTP) index set, 4. anisotropic total degree (aTD) index set, 5. threshold sequence (TS) index set, and 6. the best M -terms (bestM) index set.
Standard choices for the index set Λ are the isoTP and isoTD index sets. Selecting the optimal index set a priori in the sGFEM setting is an active research question; see, e.g., [7, 9, 5] and the references therein for more information.
Definition 2.1 (Isotropic tensor product index set). Let N ∈ N and K ∈ N 0 . The isoTP index set is given by
Definition 2.2 (Isotropic total degree index set). Let N ∈ N and K ∈ N 0 . The isoTD index set is defined as
The isotropic index sets are often preferred due to their easiness of construction. However, the cardinalities of the isoTP and isoTD index sets are (K + 1) N and N +K K , respectively, and hence the isotropic index sets grow rapidly when either N or K is increased. Therefore, as the isoTD index set grows slower than the isoTP index set, the isoTD index set is often preferred over the isoTP index set.
The isotropic index sets give equal weight to the N dimensions, and as in some applications we might want to prefer some of the dimensions, the anisotropic versions of the isotropic index sets are also used. 
Here and in the following, R + := {x ∈ R | x > 0} and µ min := min(µ). Similarly, we define µ max = max(µ). 
The weight vector µ is used to give different weights to the N dimensions, and thus the cardinalities of the anisotropic index sets depend heavily on the chosen weight vector. Without loss of generality, we assume that the weight vector µ used in the aTP and aTD index sets is non-decreasing, i.e.,
(If it is not the case, we permute the N dimensions according to the weight vector.) We refer with TP and TD to both anisotropic and isotropic versions of the tensor product and total degree index sets, respectively. Notice, that by using a constant weight vector, the anisotropic index sets reduce to the corresponding isotropic index sets.
Closely related to the TD spaces is, what we call, the threshold sequence (TS) index set. Definition 2.5 (Threshold sequence index set). Let 0 < ε ≤ 1 and µ be a nonincreasing sequence of nonnegative real numbers bounded above by one and tending to zero, i.e.,
where R 0 := {x ∈ R | x ≥ 0}. The TS index set is given by
In [9] , essentially the same index set as TS(µ, ε) is denoted with Λ ε (µ). (In [9] , R ∞ 0 is replaced with R ∞ + .) By noticing that the aTD set condition
an aTD(N, K, µ) index set can be considered as a TS(μ, ε) index set by permuting and paddingμ so that the vector is non-increasing and belongs to R ∞ 0 . In most cases, we are interested to construct an index set with less than some maximum number of multi-indices and not interested in the actual parameters used to construct the index set. Hence, in the anisotropic cases it is often enough to define the weight vector µ up to a positive constant c µmin , where c ∈ R + , by using the vector
For example, the aTD index set condition (2.4) can be written as
and by considering exp(−cK) as a real number between zero and one independent of c and K, we can control the number of elements in the index set by varying the value of exp(−cK). To summarize:
• The aTD index set can be considered as the TS index set.
• The TS index set allows us in many practical cases to define the weight vector µ in the TD index set up to a constant. Similarly in the aTP case, it is often enough to define the weight vector µ up to a positive constant.
Finally, the bestM index set is obtained from an existing index set.
Definition 2.6 (Best M -terms index set). The bestM index set is obtained from an existing index set Λ by associating each element of Λ with a real valued coefficient, usually the norm of u µ , after which the elements of Λ are sorted in a non-increasing order based on the corresponding coefficients. The first M -indices from the resulting ordered sequence form the bestM index set.
Using the bestM index set in practice is often impractical as to construct the index set, i.e., to obtain the norms of u µ , we first compute an sGFEM solution corresponding to a large index set and there is often no benefit in considering smaller index sets than the large index set already used to construct the sGFEM solution. Hence, we focus on the other index sets when discussing the obtained results and use the bestM index set only as a reference index set. However, there are at least two cases (not considered in this paper) where it might be useful to actually consider the bestM index sets. First, evaluating the sGFEM solution might be expensive and one option to reduce the evaluation cost is to reduce the size of the index set using the bestM index set. This technique will, in general, increase the approximation error but by dropping the multi-indices corresponding to the smallest u µ , we expect the approximation error to increase only slightly. Second, if we are using an adaptive scheme, like reservoir sampling [19] , to construct the index set, it may be useful to consider bestM index sets; constructing the index set using randomized algorithms is left for future studies.
Let us close this section with some terminology and conventions related to multiindices. In this paper, the addition, subtraction, and product of multi-indices is carried out componentwise and, if necessary, the elements of (N ∞ 0 ) c are considered as elements of (Z ∞ ) c . Moreover, we use the following definitions for the length and parenthood condition of a multi-index. In the algorithms presented in this paper, we store the parenthood relations between the multi-indices of a index set Λ in a variable denoted with PtC in such a way that the children of α ∈ Λ are given in the vector PtC and each multi-index α ∈ TS(µ, ε) is stored as
for example, the multi-index (0, 1, 2, 0, . . .) would be stored in TS(µ, ε) as
if it belongs to the set, i.e., if µ 
Construction of stochastic moment matrices
Combining Definition 1.5 to (1.11), we can write the element of G µ as
, where α and β are as before and the matrix G 
We do the following assumptions in the Legendre and Hermite cases, respectively: Assumption 3.1. In the Legendre case, we assume that
for all m ≥ 1. n for all k ∈ N 0 and m, n ≥ 1 (each of the stochastic dimensions has the same range and probability density), and hence it is enough to consider only the matrix K k given by (here again l + 1 and m + 1 are general indices)
where k, l, and m are nonnegative integers, as we can write
By recalling that we are using orthonormal multivariate polynomials, K 0 is an identity matrix, and therefore G µ can be computed as
To use (3.2), we need to locate the nonzero elements in G µ , which amounts to understanding the structure of K k as is evident from (3.1). Using the triple integral and inversion formulas for the Legendre and Hermite polynomials from Appendix A, we can locate and compute the nonzero entries in the matrix K k .
Theorem 3.3. In the Legendre case, we have
where
Proof.
where we have used first Theorem A.5 and then Theorem A.4.
Combining the selection rules of l k n and L(l, m, n) from (A.5) and (A.3), respectively, we know that the summand in (3.3) is nonzero when
• k − n is even, • l + m + n is even, and
From the first condition, we see that if k is even, n is also even and then the second condition imposes l + m to be even as well. Hence, l and m have the same parity when k is even. Similarly, when k is odd, n is also odd, and as a result l and m have the opposite parity. From the last condition, we see that K k is a symmetric (2k + 1)-diagonal matrix. To sum up, K k is a symmetric (2k + 1)-diagonal matrix with odd diagonals zero when k is even and even diagonals zero when k is odd. For example, the common case K 1 used in the affine case is given by [11] (correcting a misprint)
, m = l + 1,
where l, m ∈ N. Similar results hold for the Hermite case.
Theorem 3.4. In the Hermite case, we have
and
Proof. Similar to the Legendre case; use Theorems A.9 and A.8.
By noticing that the selection rules in the summand of Theorem 3.4 are the same as in the Legendre case, K k has the same structure as in the Legendre case. The common case K 1 is in the Hermite case
where l, m ∈ N. Using the structure of K k and (3.1), we see that the element G 
{1}, µ m = 0 or µ n = 0 for all n < m, {1, −1}, otherwise, and
Now, the condition for the nonzero elements in G µ can be given as:
where N w is the neighbour matrix given by
and S µ is the summed matrix
Finally, the stochastic moment matrices {G µ } µ∈Ξ for finitely supported multi-index sets Ξ and Λ can be computed in the following way:
(1) Construct the neighbour matrices {N w }, where w ∈ W Ξ := µ∈Ξ W (µ).
(2) Compute the summed matrices {S µ } µ∈Ξ using {N w } w∈WΞ .
(3) Construct the matrices {K k }, where k ∈ 1, . . . , max µ∈Ξ (max(µ)) , using Theorem 3.3 or Theorem 3.4.
(4) Compute the matrices {G µ } µ∈Ξ using (3.2) and (3.5).
Here, N w , S µ , and G µ are symmetric (sparse) matrices of dimension |Λ|, and K k is a symmetric (2k + 1)-diagonal matrix of dimension max α∈Λ (max(α)) + 1.
The second, third, and fourth steps from above are straightforward to carry out. However, the first step, i.e., constructing the neighbour matrices {N w } w∈WΞ , is a nontrivial task. Straightforward methods to construct the neighbour matrices such as using the definition (3.6) directly or writing w = ±(α−β) and looping over α and β result in algorithms where we essentially loop through W Ξ once for each {α, β} pair, i.e., the construction requires O(|W Ξ ||Λ| 2 ) operations. In the next section, we give an algorithm based on [10] which can be used to construct hierarchical multiindex sets so that constructing neighbour matrices for these index sets require O(|W Ξ ||Λ| 1+ ) operations, where 0 < ≤ 1; the exact value of depends on Ξ and Λ and is much less than one in typical instances. The speedup is obtained by constructing the multi-indices in Λ in a such way that locating a multi-index in Λ does not necessarily require us to loop over entire Λ.
The cardinalities of the sets P (µ) and F (µ) are given by
respectively, from which we get the following estimate for the cardinality of W (µ):
From (3.7), we obtain a (conservative) upper bound for the number of (sparse) matrix additions required for the computation of the summed matrices in the second step:
Notice that the above complexity estimate depends entirely on the stochastic input, and hence the time spent on the second step is essentially imposed by the problem formulation; the simpler the stochastic input, the less time we are spending on computing the summed matrices. In the simplest case, i.e., in the affine one, W (µ) = {µ}, and hence S µ = N µ and the second step can be skipped. By combining the complexity estimates for the first and second steps, the overall complexity of locating nonzero elements in the stochastic moment matrices is
If we assume the stochastic input in the problem formulation, i.e., Ξ andM , to be fixed, the complexity estimate amounts to O |Λ| 1+ . Employing the neighbour matrices is profitable if the time used to construct them and the summed matrices is less than the time used to evaluate the zero elements in the stochastic moment matrices. If the stochastic moment matrices are sparse, the time spent on evaluating the zero elements is essentially O(|Λ| 2 ) using (3.1) directly and O(|Λ| 1+ ), where 0 < ≤ 1, if we employ the neighbour matrices. However, if the neighbour matrices are dense, the time spent on evaluating the zero elements using (3.1) directly is practically zero, whereas the time to construct the neighbour matrices has not changed, and hence it is better to construct the stochastic moment matrices using (3.1) directly. Be that as it may, by employing the neighbour matrices, we have been able to reduce the stochastic moment matrix construction time from several hours to a few minutes in many practical cases.
Constructing hierarchical multi-indices and neighbour matrices
In this section, we present algorithms that can be used to construct the TS, TD, and TP index sets and the corresponding neighbour matrices {N w } w∈WΞ . We give both conceptual (Algorithms 1 and 2) and pseudocode (Algorithms 3 and 4) implementations of the algorithms. We consider first the TS index set and then give the small modifications required for the TD and TP index sets. We conclude by considering other similar index sets.
4.1.
Threshold sequence index set. The algorithm given in Appendix B, i.e., Algorithm 3, which is the stack-based version of the recursive algorithm presented in [10] , can be used to construct the index set TS(µ, ε). Subsequently, the neighbour matrices {N w } w∈WΞ can be constructed using Algorithm 4 from Appendix D. Algorithm 3 takes a sequence µ ∈ c 0 and a tolerance ε > 0 as input and returns the index set TS(µ, ε) together with the corresponding parenthood information (cf. Definition 2.8); the parenthood information is required in the construction of the neighbour matrices in Algorithm 4.
4.1.1. High-level description of the TS index set construction. To ease the understanding of Algorithm 3, a high-level description of the algorithm is given in Algorithm 1 and explained more in detail below. The line(s) indicated at the end of the lines in Algorithm 1 correspond to the relevant pseudocode lines in Algorithm 3.
Let β be a child of a multi-index α. The multi-index β is a feasible child of α if the index set condition µ β ≥ ε holds. After α has been added to the index set under construction, the feasible children such as β are added to the index set in the decreasing order of length before any other multi-indices are added to the index set. Moreover, the parenthood information of the just added multi-index is recorded in a natural tree-format. The index set TS(µ, ε) is always initialized with zero multi-index.
The feasible children are processed in the decreasing order of length to ensure compatibility with the recursive version of the algorithm presented in [10] and to facilitate efficient neighbour matrix construction later in this section. (Any consistent choice here would work with some minor modifications to the algorithms.)
The algorithm is guaranteed to stop at some point as there is a finite number of multi-indices for which the condition µ α ≥ ε holds; see [9] for the analysis of the running time and for bounds of the size of the index set TS(µ, ε). The algorithm generates the set TS(µ, ε) essentially due to the fact that if µ α µ n < ε then, by recalling that µ ∈ c 0 , it holds that µ α µ m < ε for all m > n as well. Hence, if a child of the current multi-index is not feasible, we know that any sequence of one-increments to the child would not produce a multi-index that would belong to the index set, and therefore there is no need to consider it. An example run of add the current multi-index to TS(µ, ε) and record the corresponding parenthood information; // 19-23 7 end 4.1.2. High-level description of the neighbour matrix construction. Algorithm 4, given in Appendix D, can be used to construct the neighbour matrices {N w } w∈WΞ . The algorithm takes the weights W Ξ , the index set TS(µ, ε), and the corresponding vector µ, real number ε, and parenthood relations as input, i.e., the input and output of Algorithm 3, and returns the neighbour matrices {N w } w∈WΞ . The high-level description of Algorithm 4 is given in Algorithm 2 in a similar format as Algorithm 1 and is essentially: for each w ∈ W Ξ loop over each η ∈ TS(µ, ε) and if γ = η − w belongs to TS(µ, ε), locate γ ∈ TS(µ, ε) and add the corresponding contribution to N w . This method requires an efficient way for both checking whether γ belongs to TS(µ, ε) and locating γ in TS(µ, ε).
A simple and efficient test for γ = η − w / ∈ TS(µ, ε) is given by:
We need to check γ for possible negative values as after subtracting w from η we may end up with negative values in γ. Moreover, notice that we are storing the value µ η already in the sparse format of η in TS(µ, ε), and hence it is enough to compute the value µ w once for each w ∈ W Ξ . The efficient location of γ in TS(µ, ε) is based on the tree structure provided by the parenthood relations. We can locate a given multi-index γ ∈ TS(µ, ε) by starting from the root of the tree, i.e., (0, 0, . . .), after which we move down the tree by processing the position-value pairs (m, γ m ) in the sparse format of γ in the increasing position order using the procedure:
(1) Move one step down the tree to the child with the length m.
(2) Move γ m − 1 times down the tree selecting the child with the length m.
In our implementation, the second step corresponds to selecting the first child in the child list of the current multi-index m times. .
Here, we have used the consistent recording order of the parenthood relations and the fact that only nonzero indices are stored in the sparse format. Algorithm 2: High-level description of the neighbour matrix construction. Total degree and tensor product index sets. Algorithms 3 and 4 can be readily modified for the TD and TP index sets; in Algorithm 3 we change the definition of "feasible children" and in Algorithm 4 the set condition for η − w.
In principle, the TD case does not require any modifications as it is possible to reduce the TD case to the TS case as explained in Section 2. However, in the isoTD case we might want to modify the algorithms slightly to avoid any possible problems arising from the floating point arithmetic; we perform a global replace of TS(µ, ε) to isoTD(N, K) and the modifications presented in Appendix E to Algorithms 3 and 4 to bring the algorithms compatible with the set condition (2.2) instead of (2.5).
In the TP case, we need to consider only the aTP index set as the aTP index set reduces to the isoTP index set when µ is a constant weight vector. As in the isoTD case, we perform a global replace of TS(µ, ε) to aTP(N, K, µ) and the modifications presented in Appendix F. 
we get by combining and an isoTD(M, K) index set with different values of M, p, and K are presented in Figure 1 . The tables on the left of Figure 1 portray, from top to bottom, the estimated value of in the complexity estimate O(|W Ξ ||Λ| 1+ ) together with the theoretical value M −1 , the number of (sparse) matrix additions required for the computation of the summed matrices, i.e., µ∈Ξ |W (µ)|, and the maximum value of K considered when estimating for different M and p. The image on the right of Figure 1 shows the time required to compute the neighbour matrices for M = 6 and p = 2, 4, 6 together with the line used to estimate . The plot markers correspond to different values of K, and the timings were carried out with Intel Xeon Processor E3-1230 V2 (8M Cache, 3.30GHz) with 15.6 GiB of memory.
The obtained values of depicted in Figure 1 are in agreement with the theoretical limits. Increasing p increases the y-intercepts of the fitted lines in the timing plot which is in agreement with the complexity estimate as increasing p amounts to a larger W Ξ .
4.4.
Other index set types. It is possible to consider other index sets, say Λ, than the TS, TD, and TP index sets using Algorithms 3 and 4 with (minor) modifications. What is required is a method to check whether a given multi-index is an element of Λ and some structure like the parenthood relations to locate it. Currently, the tree structure provided by the parenthood relations requires that the index set Λ can be constructed by adding an initial multi-index to Λ, after which all additions to Λ are obtained by applying a one-increment to the last nonzero or higher index in a multi-index already in Λ.
An example of a relevant index set for which it is not straightforward to modify Algorithms 3 and 4 is the total degree with factorial correction TD-FC index set considered by Beck et al. [6] : 
where α! = n≥1 α n !.
We cannot use the presented algorithms directly for the TD-FC index set as it is possible that if α / ∈ TD-FC(N, µ, ε) then α + β ∈ TD-FC(N, µ, ε), where β ∈ (N ∞ 0 ) c ; for example, the multi-index (2, 0, 0, . . .) does not belong to the index set TD-FC(2, (1, 1) , e −1.95 ) but (2, 1, 0, 0, . . .) does. To conclude this section, let us make a short comment about the general case. Assume we are given an index set, say Λ, with no topological information, i.e., the actual multi-indices in Λ have been generated, and we are asked to construct the neighbour matrices. Clearly Algorithm 4 (or some variant of it) cannot be used directly as we do not have the tree structure provided by the parenthood relations available (or some other similar data structure). One option would be to construct a suitable tree structure, e.g., a KD-tree, and then use a modified version of Algorithm 4 to construct the neighbour matrices. Constructing a KD-tree is a loglinear operation, and hence the complexity estimate for the construction of the neighbour matrices would not change in big O notation as O(|Λ| log |Λ| + |Λ| 1+ ) = O(|Λ| 1+ ). However, in practice it could be more efficient to first construct a hash table for Λ using a suitable hash function and then use the hash table in Algorithm 2 to search elements in Λ. Employing hash functions in the construction of the stochastic moment matrices is in itself interesting and clearly out of the scope of this work, and hence we leave these type of considerations for future work.
Numerical experiments
We consider solving the following one-dimensional elliptic model problem in the Legendre case: find random field u ∈ L holds for a given diffusion coefficient a(y, x) for which a min and a max as in condition (1.2) exist.
We consider the space-independent diffusion coefficient a(y, x) = a(y) = 1 + 1 + with different values of M , s, and p as summarized in Table 1 . We have fixed the overall form of the diffusion coefficient and only varied the number of used random variables and the power in the diffusion coefficient; we could have considered other types of diffusion coefficients, with similar conclusions. For the spatial discretization, we employ 20 p-type elements of order four.
In the first example, we use a space-independent diffusion coefficient for which we have the exact solution available, and hence we can compare the performance of the various index sets against the exact result. The second and third examples are space-dependent for which we do not have a simple analytical solution available, and thus we rely on a case-specific "accurate enough" sGFEM solution as the "exact" solution.
Even though the first example has a higher power in the diffusion coefficient than the two other examples, the small number of random variables and spaceindependency make it considerably easier to solve than the second or third example. Similarly, the second example is easier to solve than the third example as it has fewer random variables and a smaller power in the diffusion coefficient, which results in more sparse system matrices. In summary, we expect to require larger index sets, Diffusion coefficient type M s p Example 1 space-independent 2 3/2 6 Example 2 space-dependent 4 3/2 2 Example 3 space-dependent 6 3/2 4 Table 1 . Summary of the diffusion coefficient type and parameters M , s, and p in Examples 1-3.
i.e., more polynomials from the polynomial chaos, in the second and third examples than in the first one.
Design of the numerical experiments.
We denote H 1 0 (D) with V and equip it with the gradient norm v V = ∇v L 2 (D) , ∀v ∈ V , which induces the same topology as the standard H-norm due to the homogeneous Dirichlet condition. The solution to (5.1) can be represented in terms of the Legendre polynomials as [18] 
in the topology of L 2 ρ (Γ), where the Legendre "coefficient"
By considering only a finite number of terms from (5.3), we obtain an approximation for u u(y,
where Λ is a finite multi-index set. The projection error is given by
which follows from Parseval's equality and the completeness of
In [14] , it was shown that for our numerical examples the following inequality for the Legendre coefficient norms holds for s > 1 and any > 0 when M approaches infinity:
where C is a suitable constant. Inequality (5.4) implies the (weaker) inequality for
We compare numerically observed Legendre coefficient convergence rates to (5.5) in Section 5.5.
By solving (1.10) using a finite multi-index set Λ (and a fine enough FEM grid), we obtain an sGFEM approximation for u
where {ũ µ } µ∈Λ are approximations for the Legendre coefficients {u µ } µ∈Λ . We obtain the best M -terms approximation for u by first computing the (approximative) Legendre coefficients of u in a sufficiently large index set Λ, i.e., {ũ µ } µ∈Λ , and then ordering the coefficients in a non-increasing order based on their V -norm and taking the first M -terms from the resulting ordered sequence. The corresponding M multi-indices form the bestM index set.
We report the performance of the TP, TD, and bestM index sets by considering the convergence of the relative errors of mean and variance (percentage), i.e,
when the number of multi-indices in the corresponding index set is increased. Here, "variance" is to be understood as the diagonal of the corresponding covariance function and the L 2 (D)-norms are evaluated using built in numerical integration routines of Mathematica [21] . We denote the case-specific sGFEM solution functioning as the "reference" exact solution with u even thoughũ Λ with a suitable index set Λ would be more appropriate.
The weights for the dimensions used in the anisotropic index sets are computed numerically using 1D analyses as in [6, 7] . For each random variable 1 ≤ m ≤ M , we consider the subset Λ m = {µ ∈ Λ :
c is a sufficiently large index set. We assume the decay of the Legendre coefficients corresponding to Λ m to be of the form u µ V ∼ exp(−g m µ m ), and we obtain the rate g m by linear interpolation on the quantities log u µ V .
The numerical results for the experiments are obtained in the following way. First, the solutions corresponding to the isoTP(M, K) and isoTD(M, K) index sets, i.e., the isoTP(M, K) and isoTD(M, K) solutions, are computed by increasing K from zero to some suitable maximum value. Then the weight vector g is approximated from one of the computed sGFEM solutions as explained above. Once the weights are available, the anisotropic solutions are computed up to a suitably large index set. If the exact solution is not available, one of the computed sGFEM solutions is selected as the reference solution, and the relative errors in mean and variance are computed either against the exact or the reference solution. Finally, the best M -terms sGFEM solutions are computed as explained above by using the sGFEM solution corresponding to the largest used index set of the best performing index set type.
In addition to the convergence plots of the relative errors in mean and variance, it turns out useful to visualize the norms of the Legendre coefficients of an sGFEM solution in descending order. From this kind of graph, it is possible to see how much excess multi-indices, i.e, multi-indices whose corresponding Legendre coefficients have small norms, are included in the index set. The "better" the index set type, the less excess multi-indices are included in the index set when the size of the index set is increased, i.e., the "tail" of the index set stays small.
In the first example, where we consider only two random variables, we also illustrate the largest considered index sets to give better understanding of the different index set types. Moreover, by plotting the norms of the Legendre coefficients as a function of the corresponding multi-indices, we are able to visualize why certain index sets are performing better than the rest of the index sets in that specific case.
5.2.
Space-independent case: Example 1. As the first example, we consider a space-independent diffusion coefficient with two random variables a(y, x) = a(y) = 1 + 1 + Figure 2 illustrates the convergence of the sGFEM solutions toward the exact mean (left) and variance (right) for the first experiment as the number of chaos polynomials, i.e., the number of multi-indices in the index set, is increased. From the figure, we see that the best results are obtained, as expected, with the bestM index set followed by the aTP, aTD, isoTD, and isoTP index sets. The anisotropic index sets are constructed using the weight vector g ≈ (1.16, 3.82) , which is approximated from the isoTD(2, 19) solution, and the bestM index set is constructed based on the largest aTP solution.
From Figure 2 , we see that the relative error in mean (variance) when using approximately 200 chaos polynomials is roughly 10 −4 % (10 −3 %) in the isoTP case, 10 −7 % (10 −6 %) in the aTP case, and 10 −8 % (10 −7 %) in the best M -terms case, and hence using different index set types may give dramatically better results. The aTP index set solutions follow first quite nicely the bestM index set solutions until the relative error between the index sets is about one decade at approximately 200 multi-indices, indicating that the aTP index set is close to being optimal at least when the size of the index set is not too large. Recall, however, that the bestM index set is constructed based on the aTP solution with the largest index set.
The solutions corresponding to the other index sets than to the isoTD index set converge relatively smoothly both in mean and variance whereas the solution corresponding to the isoTD index set is oscillating when considering the variance and stalling at every other increment when considering the mean. This reminds us that employing more computational resources to increase the size of the index set only slightly does not necessarily give better results as the solution may be oscillating even though it converges asymptotically. Figure 3 shows the logarithm of the Legendre coefficient norms for the largest used isoTP index set, i.e., isoTP(2, 24), on the left and the largest used index sets on the right for the first example. Notice that the range in the left image is different from the images on the right and that the left image and the top left image on the right correspond to each other; the latter shows the index set and the former portrays the log-norms of the corresponding Legendre coefficients. In a two-dimensional case, the isotropic/anisotropic tensor product and total degree index sets can be visualized as squares/rectangles and isosceles right triangles/right triangles, respectively. By looking at the log-norms shown in Figure 3 , we see that expanding the index set in the direction of the horizontal axis is more profitable than in the direction of the vertical axis. This agrees with the results in Figure 2 : the anisotropic index sets are performing better than the isotropic index sets. Figure 4 illustrates the evolution of the ordered Legendre coefficient norms for the index sets considered in the first experiment as the dimension of the polynomial space increases. It seems that the best performing index sets have the smallest tails and that the tails grow slower for the anisotropic index sets than for the isotropic index sets, giving a new confirmation for the results in Figure 2 . Notice that the largest index sets have almost equal relative errors as depicted by Figure 2 , and hence comparing the largest index sets is fair. If we want to decrease the size of an index set for which we have already computed the sGFEM solution, the ordered Figure 2 . Convergence of the TP, TD, and bestM index set solutions toward the exact mean (left) and variance (right) for the first experiment as the dimension of the polynomial space increases. The diffusion coefficient is given by (5.6) and the anisotropic index sets are constructed using the weight vector g ≈ (1.16, 3.82) which is approximated from the isoTD(2, 19) solution. log-norm plot can be used to select a suitable threshold level for the multi-indices in the smaller index set. Finally, we have included an approximated convergence line with rate r = 2.27 in the log-log plots of Figure 4 to allow a comparison between the Legendre coefficients in the different examples; the larger the rate, the better approximations we are able to obtain with small index sets. The rate is obtained Figure 4 . Evolution of the ordered Legendre coefficient norms (vertical axis) for the index sets considered in the first experiment as the dimension of the polynomial space increases (horizontal axis). We have also included an approximated convergence line with rate r = 2.27 in the images.
from a least-squares fit to the 100 largest Legendre coefficients in the aTP case with the largest index set and it is computed in a similar way for the subsequent examples. Moreover, see Section 5.5 for a comparison of the observed Legendre coefficient convergence rates to the theoretical results.
5.3. Space-dependent case: Example 2. In the second example, we use a spacedependent diffusion coefficient with four random variables a(y, x) = 1 + 1 +
and we consider the sGFEM solution corresponding to the aTD index set with 4078 chaos polynomials as the reference or "exact" solution as no simple form for the exact solution is available. Figures 5 and 6 , which are organized in the same way as Figures 2 and 4 , respectively, for the first experiment, illustrate the convergence of the mean and variance of the sGFEM solutions toward the reference solution and the evolution of the ordered Legendre coefficients for the different types of index sets for the second example. Here, the weight vector g ≈ (2.40, 4.17, 5.37, 6.38) is approximated from the isoTD(4, 17) solution, and the best M -terms index set is constructed based on the largest aTD solution.
From Figure 5 , we see that the relative error in mean (variance) when using approximately 2 · 10 3 chaos polynomials is roughly 10 −6 % (10 −4 %) in the isoTP case, 10 −9 % (10 −7 %) in the isoTD and aTP cases, 10 −12 % (10 −10 %) in the aTD Figure 5 . Convergence of the TP, TD, and bestM index set solutions toward the mean (left) and variance (right) corresponding to the aTD solution with 4078 chaos polynomials for the second experiment as the dimension of the corresponding polynomial space increases. The diffusion coefficient is given by (5.7) and the anisotropic index sets are constructed using the weight vector g ≈ (2.40, 4.17, 5.37, 6.38) which is approximated from the isoTD(4, 17) solution.
case, and 10 −13 % (10 −11 %) in the best M -terms case. As in the first example, the different index sets show dramatic differences in performance. Even though the aTP index set gave the best performance in the first example, the performance of the aTP index set is only on par with the generic isoTD index set in the second example. Finally, the isoTP index set performs poorly when compared with the other index sets.
As in the first example, the best performing index sets have the slowest growing tails as illustrated by Figure 6 . This suggests the following heuristic method for selecting the index set to use in a practical application. First, use different index set types and compute the sGFEM solutions for these index sets using relatively small number of multi-indices. Finally, choose the index set which looks the most promising based on the evolution of the ordered Legendre coefficient norms. However, this heuristic method is only feasible if the required sGFEM solutions can be computed in a reasonable time.
The obtained convergence rate for the second example, r = 2.03, agrees with the convergence results of Figures 2 and 5 ; as the rate in the second example is lower than in the first example, we expect that larger index sets are required for a satisfactory converge of the solutions in the second example. See Section 5.5 for the comparison of the observed Legendre coefficient convergence rates to the theoretical results. Figure 6 . Evolution of the ordered Legendre coefficient norms (vertical axis) for the index sets considered in the second experiment as the dimension of the polynomial space increases (horizontal axis). We have also included an approximated convergence line with rate r = 2.03 in the images. and we consider the sGFEM solution corresponding to the aTD index set with 5909 chaos polynomials as the reference or "exact" solution as no simple form for the exact solution is available. The weight vector g ≈ (1.52, 3.56, 4.95, 5.76, 6.4, 6.85), used in the anisotropic solutions, is approximated from the isoTD(6, 9) solution. Figure 7 depicts the convergence of the relative errors for mean and variance in a similar way as in the previous two examples. It seems that the aTD index set clearly outperforms the aTP, isoTD, and isoTP index sets, the aTP index set exhibits slightly better performance than the isoTD index set, and the isoTP index set, as in the previous two examples, gives the worst performance. In this example, we were limited by our computing resources to around 5 · 10 3 multi-indices due to more full system matrices caused by the higher power and number of random variables in the diffusion coefficient than in the second example. Hence, the largest index sets do not correspond to similar errors but the cardinalities of the largest index sets are about the same. Figure 8 , which shows the ordered Legendre coefficient norms for the third example, agrees with the previous two examples: the slower the tail is growing for an index set type, the better it is performing. As we have increased both the number of random variables and the power in the diffusion coefficient, it is natural that the approximated convergence line in the log-log plots of Figure 8 has a smaller rate, r = 1.43, than in the previous two examples: more chaos polynomials are required to take into account the increased number of random variables and cross terms in the diffusion coefficient. According to Figure 8 , the isoTP index set and the isoTD and aTP index sets start to perform worse than the aTD index set at around 10 2 and 5 · 10 2 multi-indices, respectively, which is in line with the results in Figure 7 .
5.5. Legendre coefficient convergence rates. To conclude the numerical experiments, we compare the observed Legendre coefficient convergence rates to theoretical results, i.e., we examine how close to the theoretical rate r s = s − 1 from (5.5) the Legendre coefficients converge when M is large enough; recall that in our previous three experiments s = 3/2. We have listed approximated convergence rates for space-dependent diffusion coefficients of the form (5.2) with different values of M , s, and p in Table 2 . Considerably larger values of M than shown on Table 2 could have been considered for the case p = 1. However, as this would not have been feasible for p = 2, 3, we restricted M below 9. The rate for particular values of M , s, and p in Table 2 was obtained by first computing the solution using the isoTD(M, r) index set, where r is the smallest value for which | isoTD(M, r)| > 3 · 10 3 , after which the rate is computed as in the previous examples using Legendre coefficients from the 10th largest up to the 100th largest. The largest Legendre coefficients were excluded for stability reasons.
The values in Table 2 agree relatively well with the related theory: the rates corresponding to s = 6, 8 with M = 8 and p = 1, 2, 3 are close to the expected Figure 8 . Evolution of the ordered Legendre coefficient norms (vertical axis) for the index sets considered in the third experiment as the dimension of the polynomial space increases (horizontal axis). We have also included an approximated convergence line with rate r = 1.43 in the images.
values of 5 and 7, respectively. For the cases s = 2, 4, the obtained rates of approximately r 2 = 2 and r 4 = 3.5 are slightly better than the expected values of 1 and 3 predicted by [14] . However, by increasing M the rates keep approaching the predicted values: for example, M = 50 gives rates r 2 = 1.66 and r 4 = 3.26 (not shown), respectively, and hence we expect that by further increasing M the rates would eventually approach 1 and 3, respectively. Moreover, if we approximate µ / ∈Λ u µ V using the isoTD(M, r) index set, the rate is close to 1 for s = 2, and hence in good agreement with (5.4). In summary, the larger s is, the faster we expect the converge rate to approach s − 1 when M is increased.
According to Table 2 , the power p does not essentially affect the rate. This is expected: if we expanded the diffusion coefficient, the terms resulting from increasing the value of p have smaller overall effect on the diffusion coefficient. However, as the estimated rate depends on the actual Legendre coefficients used in the computation of the rate, we have plotted the ordered Legendre coefficients corresponding to the last row of Table 2 , i.e., M = 8 to confirm the results: Figure 9 shows the corresponding four sets (s = 2, 4, 6, 8) of almost overlapping curves (p = 1, 2, 3). As the ordered Legendre coefficients have the same profile for each fixed value of s, we conclude that the power p does not (essentially) affect the asymptotic rate.
By ignoring the power p and the type of the diffusion coefficient, we know from Sections 5.2-5.4 that the values M = 2, 4, 6 with s = 3/2 correspond to the rates r 3/2 = 2.27, 2.03, and 1.43, respectively. These numbers are in line with the results Table 2 , i.e., M = 8. The four sets of three almost overlapping lines correspond to the four and three different values of s and p, respectively, in Table 2. presented in Table 2 for the case s = 2. By increasing M the rate keeps decreasing: for example, M = 50 gives rate r 3/2 = 1.29 (not shown), and hence we expect that by further increasing M the rate would eventually approach 1/2.
Discussion
In this paper, we have presented algorithms for constructing stochastic moment matrices of the form (1.11) in an efficient manner for certain index set types allowing the modeler to consider non-affine diffusion coefficients of the form (1.4).
Algorithms 3 and 4 can be used (with possible slight modifications) to the efficient construction of hierarchical index sets together with the neighbour matrices required in the stochastic moment matrix generation. The algorithms can be used with index sets which can be constructed by adding an initial multi-index to the index set, after which all additions to the index set are obtained by applying a certain kind of one-increment to a multi-index already in the index set. Most common index sets can be constructed in this way, with the exception of, for example, the factorial corrected total degree (TD-FC) index set. We leave the generalization of Algorithms 3 and 4 to index set types where any one-increment is allowed for future studies.
In the numerical examples, we reported the performance of various index set types for one space-independent and two space-dependent diffusion coefficients in a one-dimensional spatial setting. Moreover, we compared the observed Legendre coefficient convergence rates to theoretical results: the observed Legendre coefficient rates agreed well with the theoretical results in [14] .
Using the isotropic total degree index set to compute the dimension weights for the anisotropic index sets as in [6, 7] worked well; the anisotropic index sets outperformed the isotropic index sets in all considered examples. In the first experiment, the anisotropic tensor product index set gave the best results, whereas in the second and third experiment the anisotropic total degree index set performed the best. Hence, it might be difficult to predict a priori which index set type would be the best choice without a possibly extensive analysis of the problem in question. According to our numerical experiments, a promising heuristic method to select the index set type is to first compute sGFEM solutions for various index set types and then select the one with the slowest growing "tail" of Legendre coefficient norms. Other possibility is to compare the sGFEM solutions, in some suitable sense, with a set of, for example, FEM solutions corresponding to different realizations of the diffusion coefficient and then select the best performing index set type. The (numerical) consideration of these ideas is left for future studies.
Appendix A. Legendre and Hermite polynomials
When constructing the stochastic system matrices for (1.6) or (1.10) in the setting of generalized polynomial chaos (gPC) expansions, see, e.g., [22] , we often encounter products of orthogonal hypergeometric polynomials. It turns out useful to linearize these products using a suitable polynomial family, i.e., solve the (generalized) linearization problem for the polynomial families involved. Moreover, it is also useful to solve the inversion problem for each of the polynomial families, i.e., express y k , where k is a nonnegative integer, using the polynomial family in question; see [3] and the references therein for more information about linearizing expressions containing (hypergeometric) polynomials.
In this paper, we consider only the Legendre and Hermite polynomial families as those are typical choices in the sGFEM setting. Hence, we consider the linearization and inversion problem only for these (hypergeometric) orthogonal polynomial families. However, similar results to the ones shown below can be obtained for other (hypergeometric) orthogonal polynomial families [3] .
In the next two sections, we recall the linearization, triple integral, and inversion formulas for the Legendre and Hermite polynomials. We note that even though the presented results are classical, the actual formulas are rarely seen in the sGFEM literature.
A.1. Legendre polynomials. The orthonormal univariate Legendre polynomials are given explicitly by the Rodrigues' formula: Proof. See [1] .
The coefficient in the series (A.1) can be written in a simpler form by employing the 3jm-symbol. We need only the specific case with zero magnetic quantum numbers; see [15] for more information about the 3jm-symbols. Finally, we give the inversion formula for the univariate Legendre polynomials.
Theorem A.5 (Inversion formula for the Legendre polynomials). The solution to the inversion problem for the univariate Legendre polynomials is given by
where l k n = 1 {k−n is even} k n n! √ 2n + 1 (k − n − 1)!! (k + n + 1)!! , 0 ≤ n ≤ k, and !! denotes the double factorial.
Proof. The result can be obtained, e.g., by using the techniques in [3] .
A.2. Hermite polynomials. We start by defining the Hermite polynomials and then give the linearization, triple product integral, and inversion formulas for them. Proof. See [3] .
By using Theorem A.7, we obtain the triple product integral of the Hermite polynomials in a similar way as in the Legendre case. We conclude with the solution to the inversion problem for the Hermite polynomials.
Theorem A.9 (Inversion formula for the Hermite polynomials).
Proof. See [3] . 
# Addition Stack
Considered # Addition Stack Considered 1 Table 3 . Intermediate steps in Algorithm 3 when constructing the index set TS(µ, ε) for µ = (2 −1 , 3 −1 , 4 −1 , 50 −1 , 60 −1 , 70 −1 , . . .) and ε = 20 −1 . From left to right, the columns consists of the number of times we have passed through the start of the main loop, the first three indices (the rest are zeros) of the most recently added multi-index to TS(µ, ε) with the corresponding (rounded) value µ α shown below, multi-indices in the stack just before the next addition to the index set, and the considered child which was not added to the stack.
If the dimension weights µ are given using the vector g, we need to replace µm µmin on line 18 of the aTP modified Algorithm 3 with g m and µ γ[r] [1] µmin on line 8 of the aTP modified Algorithm 4 with g γ[r] [1] and we consider K as a nonnegative real number.
